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Abstract
In this work we analyze the value of an Asian arithmetic option with an approach different from that used by Geman and Yor
with Bessel processes in 1993. We obtain the same solution of the valuation problem, without using any previous results based on
Bessel processes; by means of partial differential equations, integral transforms, and the program Mathematica.
c© 2007 Elsevier Ltd. All rights reserved.
Keywords: Option pricing; Asian arithmetic option; Laplace transform; Mathematica
1. Introduction
Asian options have been the object of research of many authors, and present significant advantages not offered
by other derivatives. One of them is that since they are linked with the average value of the underlier, they allow for
a reduction in the effects of any price movements of the asset near the expiration date. In this way, possible price
manipulations are avoided; see Kemma and Vorst [5]. Another notable advantage is that as a hedge instrument, they
are more economical than European options (Vorst [7]).
The difficulty in estimating the average arithmetic distribution of the underlier has motivated many researchers
to try to find a solution to the problem of pricing Asian arithmetic options. Supposing the price of the asset follows
a log-normal distribution continuous in time, a difficulty arises because the sum of the log-normal variables is not
log-normal, and therefore the distribution cannot be given explicitly and the Black–Scholes method [1] cannot be
applied.
Using stochastic calculus, and specifically the Bessel processes, Geman and Yor [4] obtained an analytical formula
for the Laplace transform in time of the Asian option.
Specifically, the Geman and Yor proof uses the following:
1. Changes of variables.
2. [4, (3.5) p. 359] Let A(ν)t =
∫ t
0 e
2(Ws+ν s)ds; then,
E
[
A(ν)t
]
= 1
2(ν + 1)
(
e2(ν+1)t − 1
)
.
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3. [4, Proposition 2.3, p. 351] (Lamperti identity) The exponential of a Brownian motion with drift ν is a time-changed
Bessel process; more specifically,
eWt+ν t = R(ν)
(
A(ν)t
)
,
where R(ν) is a Bessel process with index ν and R(ν) (0) = 1.
4. [4, Lemma 2.1 and Proposition 2.6, pp. 352–353] For every ν ≥ 0, λ ≥ 0, s > 0, q > 0,
E
[
e−λτ
(ν)
q |R(ν)q = s
]
= Iµ (s/q)
Iν (s/q)
,
where τ (ν)q =
∫ q
0
ds
(R(ν)(s))
2 , µ =
√
2λ+ ν2 and Iν is the modified Bessel function of the first kind.
5. [4, Proposition 2.2 and (2.2), p. 351] For δ > 0, the density of the semigroup of the Bessel process with index δ is
equal to
pδt (x, y) =
1
t
( y
x
)ν
ye
−
(
x2+y2
2t
)
Iν
( xy
t
)
, (t > 0, x > 0),
where ν = δ2 − 1.
6. Additionally, in [4], the Laplace transform only exists for the case ν = 2r
σ 2
− 1 ≥ 0. However, the formula can be
extended to all ν by using analytic techniques (see, for example, [2, Section 10]).
For our case, we obtained the solution for all ν as follows:
- We make the appropriate change of variables to obtain a suitable partial differential equation.
- We solve the partial differential equation via the Laplace transform and Mathematica.
Next, we show the approach used to value Asian call options.
2. Valuation
We know that the value of an Asian arithmetic call option C(S, I, t) satisfies (see [8, pp. 428–429] or [9, pp.
61–62])
∂C
∂t
+ S ∂C
∂ I
+ 1
2
σ 2S2
∂2C
∂S2
+ (r − q)S ∂C
∂S
− rC = 0, S > 0, T0 ≤ t ≤ T,
C(S, I, T ) = max
[
I
T − T0 − K , 0
]
,
(2.1)
with two boundary conditions and where S is the value of the underlier, r is the interest rate, q is the continuously paid
dividend, σ is the asset volatility, K the exercise price, T the expiration date, and I is a new variable, I = ∫ tT0 S(τ )dτ .
Recently (Zhang in [9]), a pricing method was employed that also made use of partial differential equations.
However, the change of variables made is not consistent with our analysis.
In this work we propose the following change of variables, which does allow us to obtain an adequate expression
for the partial differential equation.
The first change of variables that we make is
ξ = ((T − T0)K − I )
S
e−(r−q)τ1 − 1
r − q
(
1− e−(r−q)τ1
)
τ1 = T − t
C(S, I, t) = S
T − T0 e
−rτ1 f (ξ, τ1).
And then Eq. (2.1) becomes
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∂ f
∂τ1
= −e(r−q)τ1 ∂ f
∂ξ
+ 1
2
σ 2
(
ξ + 1
r − q
(
1− e−(r−q)τ1
))2 ∂2 f
∂ξ2
+(r − q)
(
−ξ − 1
r − q
(
1− e−(r−q)τ1
)) ∂ f
∂ξ
f (ξ, 0) = max (−ξ, 0) , ξ ∈ R, 0 ≤ τ1 ≤ T − T0.
(2.2)
Now, with the transformation
y = ξe(r−q)τ1 + 1
r − q
(
e(r−q)τ1 − 1
)
f (ξ, τ1) = g(y, τ1)
 ,
we find this new equation:−(r − q)g +
∂g
∂τ1
+ (1+ (r − q)y) ∂g
∂y
+ 1
2
σ 2y2
∂2g
∂y2
= 0
g(y, 0) = max (−y, 0) , y ∈ R, 0 ≤ τ1 ≤ T − T0.
(2.3)
Then, if we make the following changes:
g(y, τ1) = 4
σ 2
C (ν)(x, τ )
ν = 2(r − q)
σ 2
− 1, τ = σ
2
4
τ1, x = σ
2
4
y
 .
Eq. (2.3) takes on the following form:
∂C (ν)
∂τ
= 2x2 ∂C
(ν)
∂x2
− (1+ 2(ν + 1)x) ∂C
(ν)
∂x
+ 2(ν + 1)C (ν)
C (ν)(x, 0) = 0,
(2.4)
with one free boundary condition, the other one being
C (v)(0, τ ) = e
2(v+1)τ − 1
2(v + 1) .
Note that in Geman and Yor’s paper [4], a simple formula is obtained for the case x ≤ 0:
C(S, I, t) = S
(
1− e−rτ
r (T − T0)
)
− e−τ
(
K − I
T − T0
)
.
The real challenge lies with x ∈ (0,∞), and to solve it we apply the Laplace transform (see Erde´lyi et al. [3]) in
time to Eq. (2.4), which yields the following differential equation:
2x2
∂2Cˆ (ν)
∂x2
− (1+ 2(ν + 1)x) ∂Cˆ
(ν)
∂x
+ (2(ν + 1)− s)Cˆ (ν) = 0 (a)
Cˆ (ν)(x, 0) = 0 (b)
Cˆ (ν)(0, s) = 1
s (s − 2(ν + 1)) . (c)
(2.5)
This can be resolved using Mathematica:
DSolve[(2(v + 1)− s)C[x, s] + 2x2D[C[x, s], {x, 2}] − (1+ 2(v + 1)x)D[C[x, s], x] = 0,
C[x, s], {x, s}]//FullSimplify//ExpandAll
C[x, s] → 21+ v2+ 12√2s+v2
(
1
x
)−1− v2− 12√2s+v2
Hypergeometric1F1
[
−1− v
2
− 1
2
√
2s + v2,
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1−
√
2s + v2,− 1
2x
]
C[1][s] + 21+ v2− 12
√
2s+v2
(
1
x
)−1− v2+ 12√2s+v2
× Hypergeometric1F1
[
−1− v
2
+ 1
2
√
2s + v2, 1+
√
2s + v2,− 1
2x
]
C[2][s]

 ,
where Hypergeometric1F1[a, b, z] is a hypergeometric confluent function of the first kind (see [6]). Note that we can
obtain the same solution with analytically techniques; making the change x = 1/y, using the Frobenius method and
taking into account the expansions of hypergeometric functions in series.
Lastly, by imposing condition (2.5)(c), ([6, p. 267, (9.11.2)] and [6, p. 271, (9.12.8)]), we get the solution
Cˆ (ν)(x, s) = 1
(s (s − 2(ν + 1)))
Γ
(√
2s+ν2
2 + ν2 + 2
)
Γ
(√
2s + ν2 + 1
)
· (2x) 12
(
−
√
2s+ν2+ν+2
)
1F1
(
−1− ν
2
+
√
2s + ν2
2
, 1+
√
2s + ν2;− 1
2x
)
.
Then, applying the inverse Laplace transform (see Erde´lyi et al. [3]) to the solution and undoing the change of
variables, we get the price of the Asian call option:
C(S, I, t) = 4S
σ 2 (T − T0)e
−r(T−t) 1
2pi i
∫ c+i∞
c−i∞
esτ Cˆ (ν)(x, s)ds
τ = σ
2
4
(T − t), x = σ
2 ((T − T0)K − I )
4S
.
(2.6)
Note that this coincides with the solution given by Geman and Yor [4], though our proof does not require any
previous results based on Bessel processes.
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